Abstract. We construct a family of Diophantine triples {c 1 (t), c 2 (t), c 3 (t)} such that the elliptic curve over Q(t) induced by this triple, i.e.:
Diophantine triples and elliptic curves
Definition. A set {c 1 , c 2 , . .
. , c m } of non-zero integers (rationals) is called a (rational) D(n)-m-tuple if c i · c j + n is a perfect square for all 1 ≤ i < j ≤ m. A D(1)-m-tuple is also called a Diophantine m-tuple.
The first rational Diophantine quadruple, the set {1/16, 33/16, 17/4, 105/16}, was found by Diophantus of Alexandria (for the history of the problem see e.g. [Di] ). It is well-known that there exist infinitely many rational Diophantine quadruples and quintuples (see e.g. [D2] ) and several examples of rational Diophantine sextuples were found recently by Gibbs [G1] and Dujella [D7] . Euler proved that there exist infinitely many integer Diophantine quadruples (the first such set {1, 3, 8, 120} was found by Fermat). A famous conjecture is that there does not exist an integer Diophantine quintuple (see e.g. [Gu] ). Baker and Davenport [BD] proved that Fermat's quadruple cannot be extended to a Diophantine quintuple. It is known that there does not exist a Diophantine sextuple and there are only finitely many (at most 10 276 ) Diophantine quintuples [D5, F] . Let {c 1 , c 2 , c 3 , c 4 } be a rational Diophantine quadruple. Consider a subtriple {c 1 , c 2 , c 3 } and define the elliptic curve by the equation (E) y 2 = (c 1 x + 1)(c 2 x + 1)(c 3 x + 1).
We say that E is the elliptic curve induced by the Diophantine triple {c 1 , c 2 , c 3 }. Let We will first prove that there exists a bi-parametric set of diophantine quadruples such that these three points are of infinite order and independent, so the elliptic curve induced by these triples has generic rank greater or equal to 3.
In section 3 we show that adequate choices of the parameters induce subfamilies of curves with rank 4 and rank 5.
In the last section we show particular examples of curves having rank 10 and 11. We present also the results of computation on a large set of curves.
Both the families of rank 5 over Q(t) and the particular examples of curves with rank 11 represent improvements over the known results of curves induced by Diophantine triples. Namely, in [D3] a family of rank 4 over Q(t) was constructed using the formulas for the extension of a rational Diophantine quadruple to a quintuple in [D2] , while in [D6] an example with rank 9 was obtained in the family of curves induced by Diophantine triples of the form {t −1, t +1, 16 t 3 −4 t} (of generic rank 2).
Construction of a curve of rank 3 over Q(t)
In [D1] several families of D(n)-quadruples are described. We will use for our construction the one given by
For each a and k this quadruple is a D(2 a(2 k+1)+1)-quadruple. Now we specialize to the following value of k:
The resulting quadruple is a D(n 2 )-quadruple and once divided by n we get the following rational D(1)-quadruple:
In the terminology of [G2] , (2) is an irregular and twice semi-regular Diophantine quadruple. A Diophantine triple {a 1 , a 2 , a 3 } is regular if (a 3 − a 2 − a 1 ) 2 = 4(a 1 a 2 + 1), while a Diophantine quadruple {a 1 , a 2 , a 3 , a 4 } is regular if (a 4 + a 3 − a 1 − a 2 ) 2 = 4(a 1 a 2 + 1)(a 3 a 4 + 1). It can be checked that (2) is irregular, but it contains two regular triples: {c 1 , c 2 , c 4 } and {c 2 , c 3 , c 4 }. Now we define the elliptic curve associated to the triple {c 1 , c 2 , c 3 } as explained above, i.e.:
Note that we choose an irregular triple which is a subtriple of an irregular quadruple. Otherwise, by [D4] , the points P 1 , P 2 , P 3 would not be independent.
Besides the 2-torsion points, this curve has the points with x-coordinate given by 0, c 4 (a, n) and t 1,2 t 1,3 + t 1,2 t 2,3 + t 1,3 t 2,3 + 1
where as before
In terms of a and n, the three rational points (1) are:
9)(n 4 − 2 a n 2 − 10 n 2 − 6 a + 9) 512 a 2 n 3 ,
.
) has torsion group Z/2Z×Z/2Z and rank 3 over Q(n, a). The points P 1 , P 2 and P 3 are of infinite order and independent.
Proof. Since the specialization map is always a homomorphism, see [Si] , it is enough to prove that there exist values of a and n such that the specialized three points are Q-independent. Consider for example a = 2 and n = 5. Then the specialized points are
A calculation using J. Cremona's program mwrank [C] shows that the elliptic curve induced by the triple having these parameters has rank 3, and from obtained generators it is easy to check that the three points Q 1 , Q 2 and Q 3 are independent. Thus, by the specialization theorem of Silverman, the proof is finished.
The symbolic calculations in this and the next sections were carried out with
3. Search for higher rank 3.1. Change of variables. Now we look for conditions on a and n such that there are new rational points on the curve. This task is made simpler by means of a change of variable. The coordinate transformation
applied to the curve leads to
From this point on, in order to avoid denominators, we will make, when necessary, the appropriate change of variables to write the curve as
where A and B are integers. This leads to the following values of the coefficients A and B:
− 32 a 3 n 2 + 118 n 4 − 28 a n 4 + 12 a 2 n 4 − 20 n 6 + 4 a n 6 + n 8 , B = 4 a 2 (9 + 2 a − n 2 )(3 + 2 a − 4 n + n 2 )(3 + 2 a + 4 n + n 2 ) × (−3 + 2 a + 3 n 2 )(−9 + 4 a 2 + 10 n 2 − n 4 ), and the corresponding value of the discriminant is
Finally, the x-coordinates of the three infinite order points are
Remark. Considering a as a variable, for fixed n, formula (3) defines a K3 surface E. Hence its Picard number satisfies rank N S(E, C) ≤ 20. We can estimate rank C(a) E using Shioda's formula [Sh, Corollary 5.3] :
Here the sum ranges over all singular fibres, with m s the number of irreducible components of the fibre. The numbers m s can be easily determined from Kodaira types of singular fibres (see [Mi, Section 4] ). In our case, we have eight fibres of type I 2 and two fibres of type I 4 (we can read this from the factorization of the discriminant ∆), which gives rank C(a) E ≤ 4. It can be shown that for n = −7/3, rank C(a) E ≤ 4 (since the point with x-coordinate x 4 = 4 9 x 3 is also rational and independent of the three others) and hence rank N S(E, C) = 20.
3.2. Construction of a curve of rank 4 over Q(t). Now we look for those polynomial factors of B that can be conditioned in a simple way to yield a new point in the curve. We find that the factor
satisfies the equation of the curve (i.e. B 1 + A + B/B 1 is a perfect square) if 2(9 + 6 a + 8 a 2 − 18 n − 4 a n + 8 n 2 − 2 a n 2 + 2 n 3 − n 4 ) is a square. A solution in terms of a is given by
It will be shown later that this value of a followed either by the substitution m = 18 − n − n 2 or by n = −7/3 leads in both cases to families of curves of rank 5. For a given by (4), the values of A and B in (3) are polynomials in m and n of degree 16 and 29 respectively, whose explicit expressions are too long to include here. The x-coordinates of the preceding points jointly with the new one became It can be proved, by specialization that this is a family of rank ≥ 4 over Q(m, n).
3.3. Construction of curves of rank 5 over Q(t). As was mentioned before, the substitution m = 18 − n − 2 n 2 gives an additional point on the cubic and a subfamily of rank 5. We also have observed experimentally that in the subfamily obtained by letting n = −7/3 there were many curves of high rank. In fact this choice for n gives a new point on the cubic and a family of rank 5 with smaller coefficients. We provide here a unified derivation of these two rank 5 families.
We impose on m and n the condition that
becomes the x-coordinate of a new point in the cubic. This is equivalent to forcing
to be a perfect square. Now from the identity
we see that in order for H to be a perfect square, it is enough that the right hand side of (5) vanishes. For n = 3, n = 0 and n = −1 we get singular curves, but the other two solutions, n = −7/3 and m = 18 − n − 2n 2 give families of rank 5. Note that for n = −7/3 the coefficient B has 10 irreducible factors, compared with 7 factors for general n and m. The quadruple is now The four old points of infinite order and the new fifth independent point, have the following x-coordinate: Theorem 2. The elliptic curve induced by the first three components of the Diophantine quadruple (6) has torsion Z/2Z×Z/2Z and rank 5 over Q(m). The points with x-coordinate given in (7) are of infinite order and independent.
Proof. As before, we use that the specialization map is a homomorphism, so that it is enough to prove that there exist a rational value such that the specialized five points are Q-independent. For m = 16 we get the curve given by
whose rank calculated with mwrank is exactly 5. So it is enough to show that the corresponding points are Q-independent. The points are: These five points are of infinite order and independent over Q, since the determinant of their height matrix is ≈ 4075.770347 = 0 (calculated in PARI/GP [P] ), so the curve has rank at least 5 over Q(m).
Remark. A similar argument yields other pairs of substitutions, like n = 9/7, m = (15 − 16 n + 3 n 2 )/2 and n = −9/7, m = (15 − 2 n + 3 n 2 )/2, that produce families of rank ≥ 5.
3.4. Families of rank 6. The condition for the divisor of B given by:
27(80 + 9m)(−80 + 9m)
2 (−160 + 9m)(−2240 + 96m + 27m 2 )(3200 + 240m + 27m 2 )
to be the x-coordinate of a new point on the curve gives the quartic equation
which is birationally equivalent to an elliptic curve of rank 3. So the points on this elliptic curve give a parametrization for an infinite family of curves with rank 6. There are other divisors of B with the similar property. For example, the five divisors: are the x-coordinate of a new point on the cubic provided that the corresponding values of m satisfy a quartic equation equivalent in all five cases to an elliptic curve of rank 2.
4. The case n = −7/3 4.1. Search results. We have run a search for elliptic curves of high rank corresponding to n = −7/3. We write m = r/s. Hence, we are considering the family of elliptic curves (3) where the coefficients A and B are integers verifying:
They depend on two parameters r, s ∈ Z and are computed by the following algorithm:
(1) Compute (2) If a 1 < 0, let a 2 = −2 a 1 and
The unrestricted family. We have computed all such curves for −1 000 ≤ r ≤ −1 and 1 ≤ s ≤ 1 000, obtaining a total of 608 381 different curves. We have found that:
• 93.60% of the values of A are square-free; • 10.97% of the values of B are perfect squares (they correspond to the case a 1 < 0, since a We were running mwrank (with the default options, except the precision) on the 23 154 curves among them with 10 15 ≤ A < 10 22 . We have refined the obtained results by using mwrank with increased height bound for quartic point search. Also, we have used the data which conditionally give information of the rank (like rootnumber which conjecturally determines the parity of the rank, and Mestre's formulas [M2] which give upper bounds for the rank assuming the Birch and SwinnertonDyer conjecture and GRH). The refined results on rank distribution are given in Table 1 . The results in the first column are unconditional, while the results in the last three columns are conditional and depend on the above mentioned conjectures. Table 1 . Number of curves with rank R.
R = 5
4877 R = 5 * 15 R = 5 or 7 2404 R = 5 or 7 or 9 27 R = 6 6153 R = 6 * 3758 R = 6 or 8 967 R = 7 3342 R = 7 * 616 R = 7 or 9 131 R = 8 762 R = 8 * 16 R = 8 or 10 1 R = 9 76 R = 10 9
A restricted family. A detailed analysis of the results suggests that curves of high rank can be found for pairs (r, s) satisfying some divisibility properties, in particular, the most of high rank curves satisfy 9 | s.
Here we report results on the search on pairs (r, s) such that r s < 0, 10 | r, 9 | s and gcd(r, s) = 1. We have computed all such pairs with −20 000 ≤ r ≤ −10 and 9 ≤ s ≤ 18 000, for a total of 1 013 908 different curves. Running mwrank on the 58 260 curves in this restricted family with 10 10 < A ≤ 10 21 , after above mentioned refinements, gives the results which are presented in Table 2 . Table 2 . Number of curves with rank R in the restricted family.
12733 R = 5 * 94 R = 5 or 7 5975 R = 5 or 7 or 9 20 R = 6 15889 R = 6 * 9052 R = 6 or 8 2310 R = 7
8544 R = 7 * 1392 R = 7 or 9 212 R = 8
1794 R = 8 * 37 R = 9 202 R = 10 6
Results. Apart from the two described systematic searches, we performed several similar searches for r and s satisfying some congruence properties and sieving for curves with large Selmer rank. All searches combined produced • over 450 curves of rank 9;
• 49 curves of rank 10, given in table 3;
• 2 curves of rank 11 (see Subsection 4.2). Among the curves of rank at least 9 we find that:
• 92.1% of the values of A are square-free;
• The values of A have few divisors; 89.1% of them have less than 32 divisors; in particular, (r, s) = (−97, 5), (−406, 9) , (−3530, 9) , and (−7088, 6057) yield curves with rank 10 and prime A; • 26.7% of the values of B are perfect squares. so that its rank is at least 11. mwrank (which uses 2-descent, via 2-isogeny if possible, to unconditionally determine the rank) establishes that in fact it is exactly 11.
The second example with rank 11 is found in the family satisfying similar congruence conditions: 16 | r, 9 | s and gcd(2 r, 3 s) = 1. Within this family, we have searched for curves with (1) relatively large Mestre-Nagao sums S(N, E) =
N p=2
−a p + 2 p + 1 − a p log p, where a p = a p (E) = p + 1 − #E(F p ), since it is experimentally known [M1, N] that we may expect that high rank curves have large S(N, E) (we take e.g.
S(523, E) > 23 and S(1979, E) > 38);
(2) root-number of E equal to −1 (conjecturally this implies that rank is odd); (3) Selmer rank ≥ 11 (as implemented in mwrank with option -s).
We perform the search in various ranges of parameters r and s. Only few curves pass all the tests, and for them we try to compute the exact value of the rank using mwrank. In that way, we find the curve Finally, let us mention that we also found two curves for which mwrank gives 9 ≤ rank ≤ 11 (corresponding to the parameters (r, s) = (14920, 128853), (−25936, 14319) ).
